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Abstract 

Let (X,d,/j.) be a space of homogeneous type and {At}t>o, be a generalized approxi- 
mations to the identity, for example {At} is a holomorphic semigroup e~ tL with Gaussian 
upper bounds generated by an operators L on L 2 (X). In this paper, we introduce and study 
the weighted BMO space BMO^(X,w) associated to the the family {*4t}. We show that 
for these spaces, the weighted John-Nirenberg inequality holds and we establish an inter- 
polation theorem in scale of weighted L p spaces. Then, we show that the dual space of 
the weighted Hardy space Hl(X,w) associated to L as in |SY| is certain weighted BMO 
space BMO L'(X,w) associated to the adjoint operator L*. As applications, we prove the 
boundedness of two singular integrals with non-smooth kernels on the weighted BMO space 
BMO L (X,w). 
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1 Introduction 



The introduction and development of the BMO (bounded mean oscillation) function spaces on 
Euclidean spaces in the 1960s played an important role in modern harmonic analysis |JN|, ICW] . 
The concept of spaces of homogeneous type, which is a natural setting for the Calderon-Zygmund 
theory of singular integrals, was introduced in the 1970s |CW| . According to [JNj . a locally 
integrable function / defined on K n is said to be in BMO(W n ), the space of functions of bounded 
mean oscillation, if 



where the supremum is taken over all balls B in R n , and fs stands for the mean of / over B, 
i.e., 



In [FS] , Fefferman and Stein introduced the Hardy space i2" x (]R n ) and showed that the space 
BMO(M. n ) is the dual space of the Hardy space H 1 (W n ). They also proved the characterization of 
functions in the BMO space by the Carleson measure. In the study of boundedness of Calderon- 
Zygmund operators, the Hardy space H 1 is a natural substitution to L l and the space BMO is 
a natural replacement for L°°. Indeed, it is well known that Calderon-Zygmund operators are 
bounded on LP for 1 < p < oo but bounded neither on L 1 nor on L°°. Meanwhile, Calderon- 
Zygmund operators map continuously from H 1 to L 1 and from L°° to BMO. Moreover, one can 
obtain an interpolation theorem which gives LP boundedness from the boundedness on Hardy 
and on BMO spaces, i.e. if a linear operator T is bounded from H 1 to L 1 and bounded from 
L°° to BMO then by interpolation T is bounded on LP for all 1 < p < oo. 

In practical, there are large classes of operators whose kernels are not sufficiently smooth 
for them to belong to the class of Calderon-Zygmund operators. It is possible that certain op- 
erators are only bounded on LP with the range of p being a proper subset of (1, oo). In these 
cases, the classical Hardy space and/or the classical BMO space are no longer suitable spaces 
for the study of boundedness of these operators. It is natural to raise the problem of finding new 
Hardy and BMO spaces which are appropriate to the study of boundedness of these operators. 
There has been recent extensive research in this direction. Among many works, we cite here 
[DYT1 IDY21 1571 IA"D2] which are closely related to this article. In [D7T1 lP72] , the authors 
studied the unweighted Hardy space H\ and unweighted BMO space BMOl associated to an 
operator L which satisfies the Gaussian heat kernel upper bounds and has a bounded holomor- 
phic functional calculus. For these Hi and BMOl spaces, many important properties still hold 
such as the John-Nirenberg inequality, interpolation between H L and BMOl, and the duality of 
BMO and Hardy spaces. Besides, it was proved that certain singular integrals with non-smooth 
kernels are bounded from L°° to BMOl- In |SY1 IAD2] . weighted Hardy spaces associated to 
operators were studied. 

This paper aims to continue the line of research of |DY11 IDY2} ISY1 IAD2j . Given a family 
of operators {At}t>o which is a generalized approximations to the identity (See its definition in 
Section 2) and a suitable weight w, we develop the theory of weighted BMO space BMO^(X, w) 
associated to At- An important example of the family {At} is when {At} = L — (L — e~ tL ) M for 
some positive integer M in which e~ tL is a holomorphic semigroup generated by an operator L 
on L 2 (X), assuming that L satisfies Gaussian heat kernel upper bounds and has a bounded L? 
holomorphic functional calculus. Note that when the family of generalized approximations to 



II/IIbmo = sup— r / \f(y) - f B \dy < oo 



B 
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the identity At is generated from L, for example At = I — (I — e tL ) M , we also use the notation 
BMOl in place of BMO A . The new results in this article are the following: 

(i) The introduction of weighted BMO space associated to generalized approximations of iden- 
tity BMO A (X,w) (Section 3.1); 

(ii) The weighted John-Nirenberg inequality (Lemma l3.6p . and the equivalence of BMO^(X, w) 
for 1 < p < oo (Theorem 13 . 5[) ; 

(iii) The relation between w-Carleson measure and BMOl(X,w) spaces (Theorem I3.TP : 

(iv) The spaceB MOl*(X,w) is the dual space of the Hardy space Hl(X,w) (Theorem I4.5P in 
which L* is the adjoint operator of L and Hl(X,w) was introduced in |SY| and |AD2j in 
the settings of Euclidean space and space of homogeneous type, respectively; 

(v) An interpolation theorem concerning BMO^(X, w) (Theorem 15. 2p ; 

(vi) Applications to some singular integrals with non-smooth kernels (Section 6). 

We note that the approach to study Hardy spaces in |SY| relies on the geometric arguments 
in Euclidean setting and our approach in this paper is more in line with that of |AD2j which 
utilizes the tent space approach. 

2 Approximations to the identity and weighted tent spaces 
2.1 A Covering Lemma 

Assume that (X, d, fx) is a space of homogeneous type in the sense that the set X is equipped 
with a metric d and a nonnegative Borel measure on X for which any ball B(x,r) satisfies the 
doubling property 

n(B(x,2r)) < Cn(B(x,r)) < oo 

for any x € X and r > 0, where the constant C > 1 is independent of x and r . It is also 
required that fi(B(x,r)) < oo for all x and r. 

Note that the doubling property implies the following strong homogeneity property: 

li(B(x, Ar)) < cX n n(B(x, r)) (1) 

for some c, n > uniformly for all A > 1 and x E X. The smallest value of parameter n is a 
measure of the dimension of the space. There also exist c and N,0 < N < n, so that 

n(B(y,r)) < c(l + fel£)%(fl( x ,r)) (2) 

uniformly for all x,y G X and r > 0. Indeed, property (j2]) with N = n is a direct consequence 
of the triangle inequality of the metric d and the strong homogeneity property. In the cases of 
Euclidean spaces W 1 and Lie groups of polynomial growth, can be chosen to be 0. 

To simplify notation, we will often use B for B(xb,tb)- Also given A > 0, we will write XB 
for the A-dilated ball, which is the ball with the same center as B and with radius r\B = Are 
and denote V(x,r) = fi(B(x,r)). For each ball B C X we set 

S (B) = B and Sj(B) = 2 : >B\2 j ~ 1 B for j € N. 
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Recall that the Hardy-Littlewood maximal operator M is defined by 

M/(x) = sup f \f{x)\dfi(x). 

B9x J B 

We now give a simple covering lemma which states that we can cover a given ball by a finite 
overlapping family of balls with smaller radii. This will be used frequently in the sequel. 

Lemma 2.1 For any ball B{xb,It) in X, with I > 1 and r > 0, then there exists a corresponding 
family of balls {B(x kl , r), . . . , B{xk Nk , r)} such that 

(a) B(x kj ,r/S) C B(x B ,lr), for all k = 1, . . .,N k ; 

(b) B(x B ,lr) C^B^r); 

(c) N k < Cl n ; 

(d) £ L k iXB(x k r) < C, where C is independent of I and r. 

Proof: By Vitali covering lemma, we can pick from the family of balls {B(x, |) : x € B(xb, It)} 
a disjoint family {B(x kl , §),••• ,B(x kN , |)} such that B(xb,It) C l jf=iB(x kj , r). This shows 
(a) and (b). 

We observe that B(x kj , §) C B(x B ,2lr) and B(xb,It) C B{x k . ,6i|) for all j = 1, . . . , Nk- 
This together with ([1]) gives 

V(x B , lr) > 2- n V(x B , 2lr) > C £ V(x kj , -) 

i=i 

This implies (c). 

For any x € X, set I x = {i : x £ B(xi,r),i € . . . , kw k }}. Then, Ui^i x B(xi, |) C 
Ui e i x B{xi,r) C B(x,2r). This implies 

F(x,r) >CF(x,2r) > ^ |) 

>c£vfc,4r) > |4|F(x,r). 
iel x 

It therefore follows that Ylf=i XB(x k ,r) — C> where C is independent of / and r. Hence (<i) is 
proved. 

2.2 Approximations to the identity 

We will work with a class of integral operators {At}t>o, which plays the role of generalized 
approximations to the identity. We assume that for each t > 0, the operator At is defined by its 
kernel at(x,y) in the sense that 

A t f(x)= at{x,y)f(y)dfj,(y) 
Jx 
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for every function / G \J P >\LP{X). 

We also assume that the kernel at(x,y) of At satisfies the Gaussian upper bound 

lQt (X ' V) 1 - V(x,t^) 6XP I - C t l/(m-l) j > 0) 

for all t > and i,i/£l where m is a positive constant, m > 2. 

The decay of the kernel at (a;, y) guarantees that At is bounded on L P (X) for all p G (1, oo). 
More precisely, we have the following proposition, see [DRJ. 

Proposition 2.2 For each p G [1, oo], there exists a constant c > such that for all t > 0, 

< / x ^TT^y exp ( - c ^f/^ ) \f(y)\Mv) < ^/(«) 
/or a// / € L P (X), \i-a.e. 

2.3 Muckenhoupt weights 

We first introduce some notation: 

h(x)dn(x) = [ h(x)dn(x). 

The following presentation on Muckenhoupt weights is partly taken from [STJ. A weight w 
is a non- negative measurable and locally integrable function on X. We denote 



w(E) := / w(x)dfi(x) 



E 



for any measurable set E C X. 

For 1 < p < oo, let p' be the conjugate exponent of p, i.e. 1/p + = 1. 



We say that w € Ap, 1 < p < oo, if there exists a constant C such that for every ball B C X, 

w{x)d^{x) s j( K j W - 1 / ( P- 1 \x)dp J (x)Y~ 1 < C. 
For p = 1, we say that w E j4i if there exists a constant C such that for every ball B C X, 



■T w(x)dfi(x) < Cw{x) for a.e. x G B. 
Jb 



The reverse Holder classes are defined in the following way: w G RH q , 1 < q < oo, if there is a 
constant C such that for any ball B CZ X, 



(j B W\yW(y)) l/q < cj wdn{x). 



The endpoint q = oo is given by the condition: w 6 RH^ whenever, there is a constant C such 
that for any ball B C X, 



w{x) < C -r w(y)dfj,(y) for a.e. x G B. 
Jb 
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Let w E Ap, for 1 < p < oo, the weighted spaces L v w can be defined by 

{/ : / f{x) p w(x)dn(x) < 00} 

with the norm 



/IUpH = ( / f(xfw(x)d f x(x)) 1 /P. 



X 



We sum up some of the properties of A p classes in the following results, see |ST| . 
Lemma 2.3 The following properties hold: 

(i) A\ c A p C A q for 1 < p < q < 00. 

(ii) RHoo C RH q C RH P for 1 < p < q < 00. 

(Hi) If w E ^4 p , 1 < p < 00, then there exists 1 < q < p such that w E ^4 g . 
(wj If w £ RH q , 1 < q < 1, then there exists q < p < 1 such that w E jRiT p . 
(v) Aoz = Ui< p<ooJ 4p C ^KpKooRHp 

Lemma 2.4 For any ball B, any measurable subset E of B and w E A p ,p > 1, there exists a 
constant C\ > such that 

(V(E)y w{E) 
^ViB)) ~ w(B)' 

If w E RH r ,r > 1. Then, there exists a constant C2 > stic/i t/iai 

w(E) ( V(E)^ 
w{B) ~ 2 \V{B)J " 

From the first inequality of Lemma 12.41 if w E A\ then there exists a constant C > so that for 
any ball B C X and A > 1, we have 

w(AB) < CX n w(B). 

2.4 Weighted tent spaces 

For a measurable function F defined on X x (0, 00), we set 

dn(y) eft \ 1/2 



S{F){x) = (t \F(y,t)\ 

V ./rfaO 



(*) ' V(y,t) t 
and 

c(F)( X) = sup r * / \f M ? y^dj^vi 2 

V A 7 B3x \w(B) Js l vy ' ;| w(B(y,t)) t J 

where T(x) is the cone {(y,t) : d(x,y) < t} and B = {(y,t) : d(x,y) + 1 < r} is the tent over B. 

For < p < 00 and w E Lj oc (X), the tent space T p {w) is defined to be the set of those 
functions F such that SF E and we set H-FHtp^) = ll^-F 1 ) ||lp(«,), see [AD2]. 

When p = 00, the tent space T°°(w) is the set of all functions F such that CF E L°°(X) and 
we set H-Fllyoo^) = ||£F||£,<». 
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Note that the weighted tent spaces T p (w) can be considered as an extension of the tent 
spaces in [CMS| when w = 1 and X = M. n . In the case that w = 1, we write T P {X) instead of 
T p (w). Another version of weighted tent spaces was investigated in [HSV] but this version is 
not suitable to our purpose. 

A function a(y,t) is said to be an T p (u;)-atom whenever it is supported in B and 

b V(y,t) t J ~ v ' y ' 

Let us denote W(y,t) = "^jfffl . Then the LHS of dH) is just Holl^fW)- ^ is not difficult 



w(B) 



to check that an T p (u>)-atom belongs to T p (w) whenever w G A\ n RH2. 

We observe that if a is a T l {w) atom with supported in B for u; G A\ n -R-f/2- Then ^7^172 
is a T 2 -atom. 

An important feature concerning weighted tent spaces is that each function in T p (w) has an 
atomic decomposition. More precisely, we have the following result. 

Theorem 2.5 Let w G A\ n RH^_ and F G T p (u>),0 < p < 1. T/ien i/iere exisi a sequence of 

2-p 

T p (w)-atoms {aj}jgn and a sequence of numbers {Aj}j g N smc/i i/iai 
and 

^|A,r<C||Ff TPM . (6) 

Moreover, if F G T p {w) n T 2 (X) i/ien i/ie series in |5|) converges in both T p (w) and T 2 (X). 
For the proof we refer the reader to [AD2, Theorem 3.6]. 

Theorem 2.6 Assume that every ball B(x,r) in (X,fi) satisfies the estimate n(B(x,r)) ~ r n 
for some positive constant n. Then for w £ A\Pi RH2, we have 

\F(y,t)G(y,t)\^^- < C||C(F)|| £ .||,S(G)|| il(To) . 

Xx(Ovc) 1 
Moreover, the pair 

(F,G)^[[ \F(y,t)G M \ d ^ dt 



JXx(0vc) t 

realizes T co (w) as equivalent to the Banach space dual o/T 1 (it;). 

Proof: In particular case when n = 1, the proof of this theorem was given in [HS[ Lemma 5.7] 
and their arguments can be adapted to our situation. Hence we omit details here. 

Let us denote by T^{w) and T^(X) the spaces of those functions in T p (w) and T P (X) with 
bounded supports, respectively. The following result will play an important role in the sequel. 

Lemma 2.7 For w G Ai n RH 2 , the space T?{w) and T^{X) coincide for all p G (0, 1]. 

2-p 

For the proof, we refer the reader to [AD 2 1 Lemma 3.8]. 
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3 Weighted BMO spaces associated to operators 
3.1 Definition of BMO A (X, w) 

Throughout this paper, we assume that the family of the operators {At}t>o satisfies the Gaus- 
sian upper bounds ^ and these operators commute, i.e. A s At = AtA s for all s,t > 0. Note 
that we do not assume the semigroup property A s At = A s +t on the family {At}t>o- 

Following |DY1| . we now define the class of functions that the operators {At}t>o ac t upon. 
A function / € Lj oc (X) is said to be a function of type (xo,/3) if / satisfies 

L/( ' r)| " -^(x)) 1/2 <c<oo. (7) 



x (1 + d{x , x)fV{x , 1 + d(x , x)) 

We denote Mr XQt p\ the collection of all functions of type (xq,(3). If f £ Mr xo m, the norm of / 
is defined by 

||/|| M ^=mf{c:© holds}. 

For a fixed xo € X, one can check that M^ xo ^ is a Banach space under the norm ||/ g - For 
any x\ € X, Mt x p\ = Mr xi) p\ with equivalent norms. Denote by 

M = ^xoeX U 0</ 3<oo M (x ,/3)- 

Definition 3.1 A function f € A4 is said to be in BMO A (w) with w E A^, the space of 
functions of bounded mean oscillation associated to {At}t>o andw, if there exists some constant 
c such that for any ball B, 



1 



w{B) 



\(I-A tB )f(x)\d»(x)<c, (8) 



where t B = {r B ) m ( m * s a constant in ^)) and r B is the radius of B. 

The smallest bound c for which f3p is satisfied is then taken to be the norm of f in this space 
and is denoted by \\f\\ BM A (X,w)- 

Remark: The space BMO A (X,w), \\ ■ \\bmo a {x,w)) is a seminormed vector space, with the 
seminorm vanishing on the space /Q4, defined by 

£4 = {/ 6 M : Atf{x) = f(x) for almost all x and for all t > 0}. 

In this paper, BMO_a(X,w) space is understood to be modulo JCa- 



The following result gives a sufficient condition for the BMO(X,w) to be contained in 
BMOa(X, w). The proof for the unweighted case was given in [Maj (see also |DYlj ). 

Proposition 3.2 Suppose that w 6 A\ and At(X) = 1 f or a ^ t > i.e., f x at(x,y)dfj,(y) = 1 
for almost all x € X. Then the inclusion BMO(X,w) C BMO_a(X,w) holds where 

BMO(X,w) := {/ G L\ oc : \\f\\ B MO{x, w ) ■= sup — l=r [ \f - f B \dfi < °°}- 

B W{B) J B 
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Proof: Let / G BMO(X,w). For any ball B, due to A t (l) = 1, we have 
in 

f(x)-l at B (x,y)f(y)dfj,(y) d[i(x) 



w(B) 



\f(x)-At B f(x)\df,(x) 



w(B) 
1 

w{B) 
1 

w(B) 



x 



B 



X 



a t B (x,y){f(x) - f{y))dfj,{y) dn(x) 




B J X 



< 



C 



at B (x,y)(f(x) - f(y)) dfj,(y)dfj,(x 



V{B)w(B) J B J X 
C 



exp 



t 



l/(m-l) 
B 




V(B)w(B) J B J 2B 



i>2 

Let us estimate / first. We have 
C 



dn(y)dfi(x) + V 1 . . 

^ y {B)w{B) JbJs^b) 



(/0*0 ~ f(y)) d{i{y)d^{x) 

d^(y)d^{x) 




I < 



V{B)w{B) J B J 2B 
C 



1/0*0 - fB\dn(y)dn(x) + 



J B J2B 



\f(y) - f2B\dfi(y)dfi{x) 



+ 



V(B)w(B) 

< C||/IIbMO(A»- 

For the term Ij,j > 2, we have 
C 



I / I/2B- fB\dn{y)dn{x) 

JB J2B 



h < 




3 ~ V{B)w{B) J B J 2JB 
Cexp(-c2^' m /( m - 1 )) 



exp 



< 



V(B)w(B) 




1/0*0 - f B \dn(y)dfi(x) + 



B J2iB 




l/(y) - fvBW{y)dv(x) 



B J2iB 



+ 



/ / I/2jb - fB\dfi(y)dfi{x)) 

JB J2iB ' 



<C(j + 2)2-i\\f\\ BMO{ x, w y 

These estimates on I and > 2 give \\f\\BMO A (x,w) < \\f\\BMO(x,w)- This completes our 
proof. 

Proposition 3.3 For t > 0, K > 1 and to € j4i we have for a.e. x £ X 

KA/Os) - -4«/(x))| < C(l + log^) ^^^ l|/|| B ^ (X)W) . 

Before coming to the proof, we would like to mention that the same estimates as in Proposi- 
tion (3]3] was obtained in [DYlj under the extra assumption of semigroup property on the family 
{A}. While the argument in |DYlj relies on Christ's covering lemma, our argument uses Lemma 
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Proof: For any s, t > such that t < s < 2t, we have 

\A t f(x) - A s f(x)\ < \M(I - A s )f(x))\ + \A S ((I - A t )f(x))\ := h + h- 
We first estimate I\. The Gaussian upper bound ([3]) of At and the fact that t s gives that 
CP/ d(r ?/W(™-l) \ 

h s w A exp ( - c ;■!-»» ) k j - ^)/wi*<») 

< ; w ; / exp ( - c^-^ — — ) 1(7 - A s )f(y)\dfj,(y) 

~ V{x,s l / m ) J B (x,s^) ^ aV("»-i) s;JWI m; 

^ v(x,s l / m ) J Sj {B( x ,^' m )) v s 1 /^ i) y 

= 7 11 + ^7 li . 
For the term In, since i ~ s and w E A%, we have 

Hi < ||/||bMCU(X )W ) y( X)S l/ m ) < MI/llBAfO,t(X,«0 y^l/m) ' 

For j > 2, using Lemma 12. II we can cover the annulus Sj(B(x, s 1 /" 1 )) by a finite overlapping 
family of at most C2 jn balls B(x J k , s l l m ). Using w E A\, we can dominate the term 7y as 
follows. 

7y < - ° / exp ( - c 1 'f ) |(7 - A)/(y)|^(y) 

< v , C 1/m , f e-^^Kl-A^mWiy) 

V(x,S L l m ) J Sj{B{x,sV™)) 



^ E vf C i/m^ [ e- c2j \(I-A s )f(y)\d»(y) 
^ w(4>g 1/TO ) caJ/Cm-D 

- 2^° y^gl/m) e ll/ll-BMCU(X,™) 

nojn W ( X ^ S 1 ^" 1 ) -c2-'/( m - 1 ) II jrii 
^ C2 e \\J\\BMO A (X,w) v ^ tl/m y 

This implies 

r<rilfll ™(M 1/m ) 

h <^\\J\\BMO A (X,w) v ^ tl/m y 



A similar argument also gives 



r<riifii *>0M 1/m ) 
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Therefore, we have 

w(t t 1 /™) 

\(A t f(x) - A t+S f(x))\ < C\\f\\ BMOA{XtW) v K ^ tl/ J (9) 

for all t < s < 2t. 

In general case, taking I € N such that 2 l < K < 2 l+1 , we can write 



\{A t f{x) - A Kt f(x))\ < \A 2 i- H f(x) - A 2H f(x)\ + \A 2H f(x) - A Kt f( 3 

k=l 

< C l^ \\J\\BMO A (X,w) 2 l -H 1 / m ) ' 



(10) 



Since to £ ii, we have 



w{x,2 k ty m ) wix,^/" 1 ) 



V(x,2 k t 1 / m ) ~ V{x,t l / m ) 

for all k > 0. 

This together with (|10p gives 



w(x t 1 /™) 

\(A t f(x) - A Kt f(x))\ < C(l + log^)][/][ B MO^(x, w ) y ^ tl/m j - 
This completes the proof. 

3.2 John-Nirenberg inequality on BMO^(I, w) 

In this section, we will show that functions in the new class of weighted BMO spaces BMO^(J, w) 
satisfy the John-Nirenberg inequality. The unweighted version was obtained in [DY1| . Here, we 
extend to the weighted BMO spaces associated to the family of operators {At}t>o- 

Definition 3.4 For w E A% and p £ [1, oo), the function f £ M is said to be in BAIO^(X,w), 
if there exists some constant c such that for any ball B, 

Sb l(/ " ^f^Mx)) ^ < c (11) 
where ts = (^b)" 1 and r B is the radius of B. 

The smallest bound c for which Ml\j holds is then taken to be the norm of f in this space and is 
denoted by \\f\\ B MO p A {x,wy 

Similar to the classical case, it turns out that the spaces BMO^(X,w) are equivalent for all 
1 < p < oo. More precisely, we have the following result. 

Theorem 3.5 For uu 6 A\ and p £ [1, oo), the spaces BMO^(X,w) coincide and their norms 
are equivalent. 

Before coming to the proof Theorem 13.51 we need the following result. 
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Theorem 3.6 For w G A\ and f G BMOa(X,w), there exist positive constants c\ and C2 such 
that for any ball B and A > we have 

w{xeB: \(f(x) - A tB f(x))\ > A} < c lW (B) exp ( - ^^^J . (12) 

v \\j\\bmo a (x,w)W{B)/ 

Proof: Let us recall that if w G A^, there exist C > and 5 > such that for any ball B 
and any measurable subset E C B we have 

w(B) ~ \fi(B)J ' 
So, to prove (fT2j) . it suffices to show that 

fi{x G B : \f(x) - A tB f(x)\ > A} < c lt i(B) exp ( - ) . (13) 

Since the proof of ()13p is similar to that of Theorem 3.1 in l)Y 1 in which Proposition 2.6 in 
[DY1| is replaced by Proposition 13.31 we omit details here. 

Proof of Theorem \3.5[ For / G BM(J p ^(X,w), using Holder inequality, we have, for all balls 

B, 

\{I-A tB )f{x)W(x)<^^( [ \(I-A tB )f(x)\^(x)) 1/P 
w(B)J B w{B) \/ R / 



B 



*(*&Lv-wvMr (i4) 



w{B)p JB 

= \\f\\BMO p A {X,w)- 

This implies that BMO P A (X,w) C BMO A (X,w). 

Conversely, by Lemma 13.6} we have for any / G BMO^(X, w), the ball B and p G [1, oo), 



p-i 



w(B)p 



(I-A tB )f(x)\Pdv(x) 

B 

p—1 poo 



= P^fyT J™ AP "V{^ G B : | (J - A fl )/(x))| > A}dA 

< Cp ,L / X p w{B) exp - c 2irTTl — — r 

" p w(B)p J V J y \ 2 \\f\\ B MO A (x, w )w(B) 

— C P 11/11 BMO A (X,w)- 

The proof is complete. 

3.3 Characterizations of BMO L (X, w) 

In this section, we restrict ourself to consider the particular case when the family of operators 
{*4t}t is the semigroup {e~ tL } generated by a suitable operator L. 
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3.3.1 Assumptions on operator L 

In the rest of the paper, we always assume that L is a linear operator of type oj on L 2 (X) with 
uj < vr/2; hence L generates a holomorphic semigroup e~ zL ,0 < < vr/2 — u. Assume 

the following two conditions. 

Assumption (a): The holomorphic semigroup e~ zL ,0 < \Arg(z)\ < tt/2 — uj, is represented by 
the kernel p z (x,y) which satisfies the Gaussian upper bound 

/ m 1 t d{x,y) m ^ m -^\ , , 

lPz(X ' y)l ~ C V(x,|z|V m) eXP { ~ C | z |l/(m-l) ) ^ 

for x,y G X, \Arg(z)\ < it/2 - 9 for 9 > u. 

Assumption (b): The operator L has a bounded -ffoo-calculus on L 2 (X). That is, there exists 
tV )2 > such that 6(L) € C{L 2 ,L 2 ), and for 6 G ffoo(SS), 

IIK^/I^^C^IIbllooll/lb 

for any / G £ 2 (X). 

We now give some consequences of assumptions (a) and (b) which will be useful in the sequel. 

(i) If {e~ tL }t>o is a bounded analytic semigroup on L 2 (X) whose kernel pt(x,y) satisfies the 
estimate (I15p . then for all k G N, the time derivatives of pt satisfy 



■ d Pt 
8t k 



1 , d(x,y) m /( m ~V 



for all i > and almost all x,y G X. See Lemma 2.5 of [CD2J. 

(ii) Under the assumptions (a) and (b), it was proved in Theorem 3.1 of [DRJ and Theorem 6 
of [DMJ that the operator L has a bounded holomorphic functional calculus on L P (X), 1 < 
p < oo. That is, there exists c UtP > such that b(L) G C(L P ,LP) for b G -f/oo(S^) and 

ll&W/ll ll&llooll/llp 
for any / G L P (X). For p = 1, the operator 6(L) is of weak-type (1, 1). 
For any / G Ad, we define 

P t /(s) = e~ tL f{x) and Q t /(x) = tL e - tL /(x). 
Moreover, the kernel qt{x,y) of Qt satisfies 

\q t (x,y)\<c v ^ tl/m) e W [ ) (17) 

This property is the same as the estimate (|16p for fe = 1. 
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3.3.2 Characterization of BMOl(X,w) via Carleson measure 

For each integer number M > 0, we define 

BMO LM {X,w) :={feM: sup —J— f \(I - P r ™) M f(x)\dx = \\f\\ B MO LM (x, w )}- 

Setting At = I — (I — P r ™) M , then it is clear that At satisfies the Gaussian upper bounds 
([3]). So the spaces BMOl,m(X,w) can be considered to be the BMO spaces associated to the 
family A t = I - (I - P r ™) M ' . When M = 1, we omit the index M to write BMO L (X,w) 
instead of BM n L t M(X,w). Note that when M > 1, the semigroup property on the family 
At = I — (I — P r ™) M may fail. Hence, the arguments used in |DYlj may not work in our 
situation. 

Similar to the classical result for BMO spaces, the weighted BMO spaces BMOl : m(X,w) 
can be characterized by using Carleson measure. Recall that the measure v on X x (0, oo) is 
called ui-Carleson measure if for any ball B we have v{B) < cw(B). 

If (x,t) G B, then B(x,t) C B. Since w € A\, we have 

w(B) „w(B(x,t)) . , , V(x,t) V(B) 

— < C y , '/ or equivalents, , \ \ s < —77^- 
F(-B) ~ V(x,t) H y ' w(B(x,t)) ~ w(B) 

These two inequalities will be used frequently in sequel. 
For each / £ BMO l ,m(X,w) and w £ A oo, we set 

/WM)HQ t ^-^V) w(g(g>t)) - . 

The following result concerning the relation between the space BMOl(X,w) and Carleson 
measure. 

Theorem 3.7 Let w 6 Ai and / € BMOl,m{X,w). Then Hf w (x,t) is a w-Carleson measure 
with 

ib \QMI - P t-) M f(*)\ \^l%) M t )dt * ™( B )Wf\\BMO LM X >w) (18) 

for all balls B C X. 
Proof: We can write 

\M ft \i2 d(/,(x)dt\V 



10(5)7 v w(B(x,t)) t 



<[-Lf L\QMi-n™)(i-Prz) M m* v[x ' t] d ^ dt ^ 1/2 



w{B) J J§ b w(B(x,t)) t 



~w{B) J J B b w(B(x,t)) t 

:=I + II. 

To estimate I, we write (I — P r ™) M f = 61 + ^2 where b\ (x) = (I — P r ™) M f{x)x2B{x)- We have, 
by w £ A 1 , 

in (t p \M h ( m2 V(x,t) dfj,(x)dt\i/* 
\QMI-Pt~) h(x)\ w[B ^ t)) 

<c( [ f \Q t m{I - P t m) M bx(x)\ 



B 



Mu . .. 2 V(B)d(i(x)dt\V2 



B 



. \B\ \l/2 

< 



tr(Bj) 



w(B) 



L- 
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where Q is the function defined by 

^A^, l 2^^ 1 / 2 



Gf=(f o °°\QMI-P tm ) M f\ 2 ^y 



Since L has holomorphic functional calculus on L , Q is bounded on L , see [Mc]. Hence 

\Qt m {l - -rt m ) oi\ — — - — -T- I 

£j w{B(x,t)) t / 

£| \l/2 



C (<B)) l|6l|li2 W 

c " (B)l/2 (^L i(/ - p ^ )A//(x)i ^ 



2 , xV2 



At this stage, using Lemma 12.11 we can cover the ball 2B by the finite overlap family of at most 
c2 n balls with radius rg. Then, using the doubling property of w and Theorem 13.51 we have 

ib Qt m (i — ^* m )^ 1 ( x )l 2 ^|^^|yy~^^~~) 1 ^ 2 — w (B) l / 2 \\f\\BMo L , M {x,w)- 

Further going, by (fT6j) and (fTT|) we have, for x & B, 

\m/(m— 1) 

777^7 ex P ( " c: ^777: 

'X\2B 



|Q tm (I - P tm ) M b 2 (x)\ < c J x ^ b — exp ( - c [X ^ /{m _ 1} ) |(I - P^)/(y)|^(y) 

<cV f — - — N ) n f^ N ) 2n+1 |(^-^)/(y)|^(y) 



j>2 " ^ 

w(2 j B) fr B \n f t \2n+l 



BMO LtM {X,w) 



where in the last inequality we used Lemma 12. II to pick the finite overlapping covering family of 
at most C2 JU balls with radius r B for each annulus Sj(B). 
Therefore, we have 



f J \QMI-Pe») 



M b 2 (x)\ 2 V ^ X,t ^ d ^( x ) dt 



— c \\f\\ 2 BMO L m(X,w) 



w(B(x,t)) t 
f r B / w(B) Y( t \ tn+2 V(B)dLi{x)dt 
J B J \V(Bj) W <Bj t 



< Cw( B )\\f\\ 2 BMO LM (X,w)- 

This implies I < C\\f\\ BMOLM {x,w)- 

It remains to estimate the term II. Since 



M 



I-(I-P r ^) M = ^C k P kr 



k=l 
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we have for (x,t) € B 

M M 
\Q tm (I-P tm ) M P r ^f( x )\ =J2 c k\Qt™Pkr%(I ~ Pt^) M f(x)\ := Y, H k- 

k=l k=l 

For each k, due to t m + kr 1 ^ , we have 



" - u . ^g jiq«"+fag(/-ivr/(g)i 

t \m f 1 / d{x,y) m K rn -^ 



<c(—) m [ -J—expf-c - d ( x '^ m " - ")!(/ -P tm ) M /(y)|d//(j/) 

* c (4) I m exp ( - c > - p ^ M ^^ 

<c{-Y f T7T5\ ex P f ~~ c ^wZ-T 1 ^ Id - ^) M /(y)l^(y) 



+ g (£)" 4 BM) vfe - ( - ) IC - 

j> 

It is clear that 

t \ m w(B(x,t)) / t 



For j > 2, we have 



B M O l m (X ,w) • 



(19) 



/ t \ m r 1 / (oi/Wt™- 1 ) \ 

* £ (i) 4 BM ,^) exp (- cL |^) |(/ - F - ) 

Using Lemma [2. II to cover the annulus Sj(B(x,t)) by C2- ?n balls with radius t and then proceed 
the same argument as in the estimates I\j in Proposition 13.31 we have 

' W HB) P V " ° m/(m-l) JII/IIbMO l , m (A» 



< c 

< C2" Je 



/ t \wt to(B(a;,r g )) (m 
\rj V(B) 



r B J V(B) \2H 
t \ m -tw(B) 



BMO L>M (X,w) 



.r B ) yr B y-> \\BMO L)U {X,w)- 
These estimates on K\ and Kj for all j > 2 show that 

|Q t -(/-P t ™) M P r »/(x)|<cf— V ""' "' iB) 



rB J y/gy\J \\BMO L>M (X,w) 

where e > so that m — e > 0. 
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Therefore, we have 



B w(B{x,t)) t 

<m\\BMO L M^)J B J Q \r B ) \V(B)J w(B) t 



<cw(B)\\f\\ 2 BMo L Mx, w y 



This completes our proof. 



3.4 Characterization of BMOfl", w) 



Denote the Laplacian A = — Y^l=i inr- ^ * s well-known that the kernels pt(x,y) associated to 



the semigroups e is given by 



dxf 

tA : r 



M X ,y) = h t (x-y) = J — F - 2 e^-y\ I*. 



We define 



For w G Ai, the weighted BMO spaces associated to A, BMOa(K",w) is defined by 
BMO A (R n ,w) := {/ G M A ■ ||/||bmo a (K« w) ■= sup j \f(x) - e - r B A f(x)\dx < oo}. 



Theorem 3.8 The spaces BA10(W l ,w) and BMO A (M. n ,w) coincide and their norm are equiv- 
alent. 

Proof: It is well-know that L„ ht(x — y)dy = 1, hence by Proposition 13.21 one has 

BMO(R n ,w) C BMO A (R n ,w). 
Conversely, for / E BMO A (R n ,w), due to Theorem 13.71 

■= |t 2 Ae-^(/-e-^) /( x)| 2 ^ 

w(B{x,t)) t 

is a Carleson measure. Let ^(a; — y) = t~ n ip((x — y)/t) be the kernel of t 2 Ae~* 2A (I — e~* 2A ). 
Then V E 5. By Corollary 1 in [HSV], / G BMO(R n ,w) and ||/||bmo(R«, w ) < C||/I|bmo a (R«^)- 
This completes our proof. 



4 Weighted Hardy spaces associated to operators 

The Hardy spaces associated to operators L with Gaussian upper bounds were studied exten- 
sively recently, for example sec [ADMj IDY2j . In [SYj the weighted Hardy spaces associated 
to operators L were studied in which the Euclidean setting played an essential role. In this 
section, by using the tent space approach, we obtain the atomic decomposition for Hard spaces 
Hl(X,w), then show that the dual space of Hl(X,w) is the space BMO* L (X,w) where L* is 
the adjoint operator of L. 
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Set 

11{L) = {Lu G L 2 {X) : u € L 2 {X)}. 



It is known that L 2 (X) = K(L) 7V(L), where TZ(L) and N(L) stand for the ranee and the 
kernel of L, and the sum is orthogonal. 

For w E Aoo and < p < oo, the Hardy space Hl(X, w) is defined as the completion of 



{feKW-.WSLfWeL^w)} 

in the norm \\f\\ HL (x,w) = ||<Sz/IUi(™), where 

dfi(y) dt \ 1/2 



W Jd(x,v)<t V(y,t) t J 



' d(x,y)<t 

By the functional calculus theory, we have 

f°° dt 
f(x) = 4m Qt™(Qt™f)(x) — , 
Jo 1 

where the integral converges strongly in L 2 . 

Definition 4.1 Let w G A^. A function a(x) is called an (L,w) -molecule if 

dt 



a{x) = / Q t m(a(t, -))(x) 
Jo t 

where a(t,x) is an T 1 (w)-atom supported in the tent B for some ball B C X. 

Let Tc the set of all functions / G T p with compact support in R™ +1 . Consider the operator 
ttl initially defined on Tc by 

f°° dt 
n L (f)(x) = 4m / Q tm (f(.,t))-. 

Jo 1 

Proposition 4.2 The operator ttl, initially defined on T 2 , extends to a bounded linear operator 
from 

(a) TP to LP for all 1 < p < oo; 

(b) T l {w) to H L (X,w). 

Proof: (a) We refer the reader to [DY2] lemm 4.3]. 

(b) Let / £ T^(w). Then by Theorem 12.51 Lemma [2771 there exist a sequence of number {A^} 
and the sequence of T 1 (ui)-atoms such that 

j 

in T 2 with ^ ■ |Aj| < oo, and hence by (a) 
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in L 2 (X). 

This together with the L 2 -boundedness of Sl gives 

I|£x-(tl/)IUi(w) < ^2\^j\\\SL(K L aj)\\ L i( w y 



To complete the proof, it suffices to show that there exists a constant C such that for any 
T 1 (u;)-atom a supported in B for some ball B in X, we have 

\\SL(iTLa)\\iA{w) < C - 

Indeed, we have 

\\SL(^La)\\L l (w) < 1 1 'S'i (tTZ, a) 1 1 Z, 1 (4S,iu) + \\SL{^LO)\\L^({iBY,w)- 

For the first term, using Holder inequality and w € RH2 we have 

1/2 



11^(^0)11^(45,^) < 11^(^0)1^2 ( / u^ar) 2 ^) < c\\ir L a\\ L 2 

v J4S 7 



V(B) 1 / 2 



< CO 



T 2 



10(B) _ w(B) 



r 2 



where in the last inequality we use the fact that if a is an T 1 (w)-atom then v ™^/ 2 a 1S an 
T 2 -atom. 

To estimate the second term, we exploit the argument in [DY2] into our situation. For 
x ^ 4B, we have 



Jd(x,y)<t 







Jd(x,y)<t 
pr B poo 

/ •• + / 

JO Jr B 



B ds 2 dfi(y) dt 

Qt™Qs™a{-,s)(y)— — 
s F(y,t) t 

»*B Q m.im j„ 

( S m + t m ) 2 L 2 e-( sm+tm ) i a(-, S )(y)- 

s 



(s m + t m ) 2 

= J1 + /2. 



2 dfi(y) dt 
V(y,t)J 



Let us estimate I2 first. We have 

II II- 

h- B Jd(x,y)<t 



1 



Jb (s m + t m ) 2 (s + t) n 
For t > re, it can be verified that 



exp — c 



1 



s + t + d(y, 2) 
s + i 



a(z, s)dz 



ds 



: d/j,(y) dt 
V(y,t)J- 



s + t + d(y, 0) > -(t + d(x, xb)). 



Therefore, we can get 



h < c 



< c 



r B Jd(x,y)<t 



IB 



s m t n 



1 



'r B 



Jb (s m + t m ) 2 (s + t) n \t + d(x,x B 

s m t m s + t . , , ds 

a{z, s)dz — 



s + t \n+l ds 2 d/i(y) dt 

a{z,s)dz — — — 

V 7 8 V(y,t) t 



Jb {s m + t m ) 2 {t + d{x,x B )) 



n+l 



2dt 

T' 
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Hence 



h < c 



''B 

OO 



Jo J B 

< c f f 

Jr B JO 



B + V ' S 



T 



sH- 1 



ds 



OO . fTB 



( ( + d(,,, B ))» + T l '( B ) 1/2 |l°(-)ll i "<B»T 



2 eft 



< c 



r B JO 



sH- 2 



ds 



(t + d(x,x B )) 2n + 2 s Jo 



,B V(B)\\a(.,s)\\ 2 L2{B) ^ 



Since a is an T 1 (ti;) atom, we have 



r-r B 
Jo 



|o(-,s) 



Il 2 (b) 



This implies 



/ 2 



roc 
Jr B 



r%t~ 2 



s ~ w(B) 

V(B) 2 dt 



(t + d(x,x B )) 2n + 2 w{B) 2 t 



< c 



V{Bf 



A similar argument gives 



h < c 



(r B +d{x,x B )) 2n+2 w{B) 2 ' 
r\ V{B) 2 



{r B + d{x,x B )) 2n + 2 w(B) 2 ' 
Using the estimates and w G A\ n i?i^2, we have 



||5 , L(vr L a)|| L i( (4i j )CiW) = ^ \\SL(nLa)\\ L i( Sj (B) 



w) 



i>3 



< W S L^La)\\ L 2 (Sj(B)) ( j r w(x) 2 a!x) 

j '^3 



1/2 



i>3 
< C. 



V(B) w{TB) 

W(B) V(VB)V*\J S . {B) {rB + d{x ^ XB)) 2n + 2 



dx 



1/2 



V(B) w{TB) 2-3 
w(B) V(2iBy/ 2 V{2iB) 1 / 2 



This completes the proof. 

We have the following estimate by using a similar argument to the proof above. 

Lemma 4.3 Let M € N. For any L 2 -function f support on a ball B, there exists a constant c 
such that 



- Pr-) M f\\H L (X, W ) < 



V(B) 1 / 2 



L 2 ■ 



Theorem 4.4 Assume that (X,/i) satisfies the following condition: fi(B(x,r)) « r n for all 
x £ X and r > 0. Then the following holds: 

(i) Let w £ A\ and f € Hl(X,w) f~l L 2 (X). There exist a sequence number & n d a 

sequence of (L,w) -molecules {ctj}JL 1 such that 



f( x ) = ^Z x i a i 

3=1 



(20) 
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in both H L (X,w) and L 2 (X), and Y^jLi \^j\ < c \\f\\H L {x,w)- 

(ii) Conversely, if Y^fLi I A? I < °°; then for any a sequence of L-molecules {otj}°° =l the 
decomposition 120\) satisfies 



> A,-Q! 7 - < c > I A,- 1 



/or io G j4i fl RH2- 



Proo/: (i) Since / G H L (X,w) n £ 2 (X), Qt-/ G T 1 ^) n T 2 . Therefore, by Theorem there 
exist a sequence number {\j}'jL 1 and a sequence of T 1 (lo)-atoms {cij}^! such that 



oo 

Qt m f = AjOj 
j'=i 

in both T 1 (w) and T 2 . Due to Proposition 14,21 we have 

oo oo 
f = cJ2 ^Ldj = C >^jUj 
3=1 3=1 

in both H L (X,w) and L 2 (X). 

(ii) Part (ii) is a direct consequence of (ii) Proposition 14.21 
The main result of this section is the following theorem. 

Theorem 4.5 Let M G N. Forw G A 1 ^RH 2 , the dual space ofH L (X, w) is the BMO l *,m(X, w) 
space, in the following sense 

(i) If f G BMOl*,m(X,w) then the linear function I given by 

Kg) = [ f(x)g(x)dfx(x), (21) 



' x 

initially defined on the dense subspace Hl(X,w) n L 2 (X), has a unique extension to 
H L (X,w). 

(ii) Conversely, every continuous linear functional I on the Hl(X,w) space can be realized as 
above; i.e., there exists f G BMOl* m(X,w) such that [2~1\) holds and \\f\\BMO L * M {Xw) — 
c\\l\\. 

The following identity related to Carleson measure will plays an important role in the proof of 
Theorem 14.51 

Suppose that / G M such that fi f , w (x,t) = \Q* tm {I - P£ m ) M f(x)\ M f dt is a w- 
Carleson measure and g is an [L, u>)-molecule of Hl(X,w). Let 

F(x,t) = Q* t m(I - P; m ) M f{x) and G(x,t) = Q t ™g(x), (x,t) G X x (0,oo). (22) 

Then the following identity holds. 

Proposition 4.6 For any functions F and G defined as in A 2 2)) . we have the following identity 
with some constant bM-' 

[ f(x)g(x)d»(x) = b M [ F(x,t)G(x,t)^^. (23) 

JX iXx(0,oo) 1 

As a consequence, if f G BMOl* m{X,w) and h G Hl(X,w) nL 2 (X), the above equality 
holds. 
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The proof is analogous to |DY21 Proposition 5.1] with some minor modifications. We omit de- 
tails here. 



Proof of Theorem \4-5\ - It can be verified that Hl(X,w) n L 2 (X) is dense in Hl(X,w). For 
any / G H L (X, w) n L 2 (X) and g G BMO L * iM (X,w), due to Proposition 22] and Theorem 
we obtain 

dfj,(x)dt 



f(x)g(x)dx 



x 



Q* tm (I-P^) M f(x)Q tm g(x)- 



Xx(0,oo) 



< \\C(Q; m (I-P; m ) M f)\\ L ™\\A(Q tm g)\\ L i {w) 

< c \\f\\BMO L * M (X,w)\\g\\H L {X,w)- 

This completes (i). 

(ii) We will adapt the argument in Theorem 3.1 of }DY2j to our present situation. We define 
:= {h(x,t) : h(x,t) = Qtg(x) for some g G Hl(X,w)}. 
This yields that C T 1 (w). By (b) of Proposition 14.21 we have 



r°° dt 

ll(h)(x) = 4m / Q tm (h t )(x)- G H L (X,w) 
Jo 1 



for ht(x) G T 1 (w). 

On the other hand, for any / G H L (X, w) n L 2 (X), 



f°° dt 
g(x)=4m Qt™Qt™g{x) — . 

Jo t 



It therefore follows that for each continuous linear function I on Hl(X,w), we obtain for g G 
H L (X,w)DL 2 (X), 

1(g) = I oTZo Q t m(g). 
Since I o TZ is continuous linear function on Ql which satisfies 



oK\ 



n- 



< \u\ 



(H L (X,w))* \\T^\\t 1 {w)~^H l {X,w) 



< c. 



The Hahn-Banach Theorem tells us that we can extend I o 1Z to a bounded linear function on 
T 1 (w). By Theorem 12.61 there exists u(x,t) G T°°(w) such that 

dfj,(x)dt 



1(g) = I oTZoQ tm (g) 



n+l 



u(x,t)Q t mg(x)- 



t 



X X J0 



Q* tm u(x ) t)^g(x)dx = I f(x)g(x)d{i(x) 



where /(x) = $™ Q$ m u(x,t)f. 

We now prove that / G BMOl*,m(X, w). By Theorem 13.51 we have, for any ball B C X and 



(/-p;™) M /(x)|^- i (x)^) 



2, -1, 



1/2 



" U(J3) 2 ./b 

y(s) 1 / 2 

< — — sup 



\(I-PX) M f(x)fd»(x] 



1/2 



w(B) 



1/2 



ng) 

w(B) 



sup 

llflllz,2( B ) = 



(I-P r %) M f(x)g(xW(x) 



x 



f(x)(I-P r rn) M g(x)dn(x 



X 
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Hence 

- F( ^ 1/2 n/ii !gCg) H I, 



< clUII 



This completes our proof. 



5 An Interpolation Theorem 

In this section, we study the interpolation of the weighted BMO space BMOa(X, w) in general 
setting of spaces of homogeneous type. Firstly, We review the concept of the sharp maximal 
operator M A associated to the family {At}t>o defined on L p (X),p > as well as its basic 
properties in [Maj . 

M A f(x) = sup (-L f \(I-A tB )f(x)W{x)), 

where ts = r r g. 

We recall the following results in [Ma]. 

Theorem 5.1 Let < p < oo and w £ ^4oo- -^0?" every f £ Lq(X) with Mf £ L p (w), we have 

(i) M A f(x)<CMf(x). 

(ii) \\Mf\\ LP(w) < C\\M\f\\ LP[w) iffi(X) = oo. 

fit*; ||M/|| LP(W) < C(\\M A f\\ LP{w) + H/llii) #>(X) < oo. 

In what follows, the operator T is said to be bounded from wL°° to BMO^(X, w) if there exists 
c such that for all / £ L°°(X), 

\\ T (.fw)\\ B MO A (x,w)dK x ) < C II/IU°°- 

In [B] . an interpolation theorem for the classical weighted BMO was given. It is interesting 
that our weighted BMO_a(X, w) can be considered as a good substitution the classical weighted 
BMO in the sense of interpolation. By adapting the arguments in [B] to our situation, we will 
establish an interpolation theorem concerning the our weighted BMO spaces BMO^(X,w). 

Theorem 5.2 Assume that T is a linear operator which is bounded on L 2 (X). Assume also 
that T is bounded from wL°° to BMOa(X,w) and T* is bounded from wL 00 to BMO J \*{X ) w) 
for all w £ A\ n RH S with 1 < s < oo. Then T is bounded on L p {w) for all s < p < oo, 
w £ A p/s . 

Proof: For the sake of simplicity we assume that fJ,{X) = oo, the case that fj(X) < oo can be 
treated in the same way. When w = 1, the operator T is bounded from L°° to BMOa(X,w). 
Due to |DY2} Theorem 5.2], T is bounded on L P {X) for p £ (2, oo). By duality, one gets that T 
is bounded on L P (X) for p £ (1, oo). 
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Now for weiifl RH S and / G L°°(X), we have 

w- l {x)M\{T*{wf))(x) = sup —L- / |(I - A tB )T* (wf) (y)\dn[y)w~ l (x) 

B3x V\B) J B 

^ sup ~!j^ I \{I-A B )T*(wf)(y)W{y) 
B3x w{B) J B 

< c\\T*(wf)\\ BMOA{x , w) < c\\f\\ L oc 

for all x G X. This implies that the operator M\ T » W is bounded on L°°(X), where M\ T , W 

is defined by M^ T , w f = M^(T*(wf)). On the other hand due to Proposition 15.11 and the L 2 - 

boundedness of T* , M^ T * is bounded on L 2 (X). This together with the complex interpolation 
method gives 



u 2 / p - 1 M i A (T*u 1 - 2 / q ) : L q L q , 



where - + - = 1. 
p q 

This implies 



M\ T * : L q (w 2 - q ) ^ L q (w 2 - q ). 

Using Theorem 15 .1\ we have 

T* : L q {w 2 - q ) -> L q {w 2 - q ). 
Let g G L q (w 2 - q ) and / € L p (w 2 ~ p ). We have 

/ |(T/) P |d M = / \fw 1 - 2 / q (T*g)w 2 / q - 1 \d^< \\T*g\\ Lq{w 2- q)UllLP{w 2- P) . 

By duality, T : L p (w 2 ~ p ) L p (w 2 ~ p ), or, w 2 ^- 1 ^ 1 - 2 ^ : L p -> L p . 
On the other hand, for / G L p and g €z L q , we have 

|T(/^- V~ 2A * = / 1/ x v?l*- x T*{w 1 - 2 l*g)\dn < c\\f\\ LP \\g\\ Lq , 
X Jx 

and hence w^^Tw 2 ^- 1 : L p -> L p . 

Since we can interchange T and T*, we can show that for i + - = 1, p near 1, and iB,i)£ii, 

w \-2/q Tv p/q-l . L P^ L P and u 2/,-l Tv l-2/ g . ^ ^ ^ 

By interpolation, we obtain 

^(VWrfui-^c-^) : -> L 1 ' 1 for - < f < - 

9 P 

for all v, w G n where a(t) = t - | and /3(t) = t - ±. 
This gives T : L Po {u) — > L Po {u) whenever 

u = ^00(1^0)^0/3(1^0) ; ti), u E j4i n and p < p < q. (24) 
Take po = (<Z + s) — gs/p and rg = For any u G -A po / s , by Jones Factorization, there 



g-p 
,1-po/s 



exist u\,U2 G Ai such that it = u\u 2 Po , see [jj. Setting ui = and U2 = w 2 , then 
w\, W2 G PI Hence, we can pick 5 > so that uj +5 , n^ 5 £ Ai. For p close enough to 1, 

r < 1 + 5 and hence = w 1 ^ 3 ,u 2 ° = w r 2 ° s G A 1 . This implies w^ £ A 1 Ci RH S . Due to 
((24]), T is bounded on £*>(«), here v = (w^y^/po) ( w yy p{i/p ) = ^j^-iw) = n . Applying 
Theorem 4.9 in [AM1| . T is bounded on L p (w) for all s < p < oo and w G -A p / S . This completes 
our proof. 
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6 Applications to boundedness of singular integrals 



Let X be a space of homogeneous type (X,d,fi). Let T be a bounded linear operator from 
L 2 (X) to L 2 (X) with kernel k such that for every / in L°°{X) with bounded support, 

Tf(x)= [ k(x,y)f(y)d^y), 

for //-almost all x ^ suppf. We will consider the following conditions: 

(HI) There exists a class of approximation to the identity {*4.t}t>o satisfying ([3]) such that 
the operators (T—AtT) and (T—TAt) have associated kernels K}(x, y) and K 2 (x, y) respectively 
and there exist positive constants a and c±, C2 such that 

max{\K 2 {x,y)\,\K} (x,y)\} < c 2 - 



V(x,d(x,y))d(x,y) a 



when d(x,y) > c\t x l m . 

(H2) There exists a class of approximation to the identity {-4,t}t>o satisfying ([3]) such that 
the operators (T — AtT) and (T — TAt) have associated kernels K^(x,y) and K 2 (x,y) so that 
there exist 1 < po < oo and 5 > n/p' such that for any ball B C X we have 

( / li^z^pdMy)) 17 " < C2-''V(fl) 1 /w-i (25) 
J Sj (s) 

for all z € -B and all j > 2, where Kt(y, z) is either K^(y, z) or K 2 (y, z). 

It was proven in [DM] that if T is an operator satisfying (HI) or (H2) above, then T bounded 
on L P {X) for 1 < p < 2. Note that condition (H2) does not require the regularity assumption 
on space variables. This allows us to obtain L p -boundedness of certain singular integrals with 
nonsmooth kernels such as the holomorphic functional calculi and spectral multipliers of L, see 
[DM} IDOS| . Note that it was proved in [DM| that the holomorphic functional calculi f(L) 
satisfies (HI). Meanwhile the spectral multipliers of L satisfy the estimate (H2), see the proof 
of Theorem 16.31 below. 

We now prove the following theorems: 

Theorem 6.1 Let T be an operator satisfying (HI). Then for any w £ A\, T and T* are 
bounded from wL°°(X) to BMO A {X,w) and from wL°°(X) to BMO A *(X). Then, by interpo- 
lation, T is bounded on L p {w) for all p € (1, oo) and w £ A p . 

Proof: For / G L°°, we claim that 

1 



w{B) 



|(J - A tB )T(fw)(x)\d»(x) KCWflU 

B 



for any ball B C X. 

Set / = fx + /2 where fx = fXcB with c = max{ci, 4}. We have 

' f \(I - A tB )T{fw)(x)W{x) < -4- f |(7 - A tB )T{f lW )(x)W(x) 



w{B)J B " lB ' yJ ,x " ^ '- w(B) 



B 



+ ^W\f \{I - A B )T(f 2 w)(x)W(x) 
h + h- 
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Let us estimate I\ first. Since w € A\ then there exists r > 1 such that w G i?ff r . Using the L p 
boundedness of T and the Hardy-Littlewood maximal function, we have 

h<c^— [ M(T(f lW )){x)dii{x) 



- C|l/llL ~ ^B) ( I cB wT '^ d ^) 1/T V( B ) 1/r ' 

£ C|l/Il ^^y yM y(B)1/ry(B)1/r ' = C|I/I|L ^ 

For the second term, by (b) we have 

h<-^[ [ K} B (x,y)(f 2 w){y)\d»{y)d»{x) 

W \ B ) JB JX\cB 

Iff 1 r a 

- ~TrT / / 777 — ~T( \\ m B \ a U2w){y)\dii{y)dii{x) 

w{B) J B J x \ cB V(x, d(x, y)) d(x, y) a 

<c\\f\\ L ~^—f t — ) T% w{y)W(yW(x). 

w{B) J B Jx\ cB V{x, d{x, y)) d(x, y) a 

Since c > 4, we have 



<,imi rri«^' /" w ( 2i ^ 



i>2 
<c||/|Uoo. 

The boundedness of T* can be treated similarly. This completes our proof. 



Theorem 6.2 Lei T 6e an operator satisfying (H2). Then for any w £ A± D RH p ^, T and 
T* are bounded from wL°°(X) to BMO A (X,w) and from wL°°(X) to BMO A *(X). °Then, by 
interpolation, T is bounded on L p (w) for all p £ (p' , oo) and w £ A p /p' . 

Proof: For / G L°° and if <G A\ n RH p > o , we will claim that 

-J- / |(/-A tfl )T(/«;)(x)|d^)<C|l/IU«» 
w(±fj Jb 

for balls B C X. 

Using the decomposition / = J2j>2 fj + /o where f = fx2B and fj = fxSj(B), We have 

[ \(I-A tB )T(fw)(x)W{x)<-±— ( \{I - A tB )T(f Q w)(x)W{x) 
w{B) J B w{B) J B 

+ [ \(I-A tB )T(f jW )(x)\d^x) 

j>2 ^ ' jB 

= Io + J2 I r 

i>2 
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Since w E RH p ^, using the IP boundedness of T and the Hardy-Littlewood maximal function, 



we have 



h < c^— [ M(T(f w))(x)dn(x) 
^ C ^) l|T(/lU;)ll ^ y(B)1/P0 

i / r „/ \Vpo. 



<c||/||l~— -(/ v*(x)dv(xj) P °V{Bf^ 
w(B)\J 2B J 



For j > 2, by (H3) and Holder inequality, we have 

h<-^f I \Ki„(*,v)(M(.v)\Mv)M*) 



W{B) JbJSj(B) 

-Zmf U \ K U^y)\ P0 My)) 1/P °( [ \fMAy)\ p «d^y)) 1,P ' d^x) 

^ C^2-^V(B) 1 /^\\f\\ L ^f f \ w (y)\P'o dt ,(y)) Wo dKx) 

^ c ^ 2 " V(5)1/P0 " ll/ll ^^|ly^ i?)1/P ° 



V{B) w(VB) 



w{B) V(2fB) 
Since w € A%, 

V(B) w(2 j B) 



< C 



w(B) V{2iB) 

Therefore, Ij < C2^'( 5 - n /Po) \\f\\ Loo and hence Ej> 2 J j ^ c \\fh°° provided 5 > n/p' . This 
yields that T is bounded from wL°°(X) to BMOa(X,w). The boundedness of T* can be 
treated similarly. This completes our proof. 

We end this section by considering the boundedness of spectral multipliers. 

Let L be a non- negative self-adjoint operator on L 2 (X) and the operator L generates an 
analytic semigroup {e~ tL }t>o whose kernels pt(x,y) satisfies Gaussian upper bound (fT5jh 

By the spectral theorem, for any bounded Borel function F : [0, oo) — > C, one can define the 
operator 

roo 

F(L) = / F{\)dE{X) (26) 



which is bounded on L 2 (X). We have the following result. 

Theorem 6.3 Suppose that n > s > n/2 and for any R > and all Borel functions F such 
that suppF C [0, R], 

j x \K F(%/Z) (x,y)\ 2 d^x) < \\6 R F\\h (27) 

for some q € [2, oo]. Then for any Borel function F such that 

sup \\ri5 t F\\ w q < oo, 
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where 5 t F(X) = F(tX), \\F\\ W , = ||(J - d 2 /dx 2 ) s l 2 F\\ Lq , the operator F(L) and F{L)* = F(L) 
is bounded from wL°° to BMOj^X, w) for all wGiifl RH r t , where A t = I - (I - e~ tL ) M for 
M > — and ro = n/s. Hence by interpolation, F(L) is bounded on L p {w) for w € A p /rQ and 
p € (r ,oo). 

Proof: From the proof of Theorem 4.5 in [API] , we get that (H3) holds for T := F(L) and 
the family At ■= I — {I — e~ tL ) M for M > and po := r' . Hence, as a direct consequence of 
Theorem 16. 2\ the proof is complete. 



References 

[Al] B. T. Anh, Weighted norm inequalities for Riesz transforms of magnetic Schrodinger op- 
erators, Differential and Integral Equations 23 (2010), 811-826 . 

[A2] B. T. Anh, Commutators of BMO functions with spectral multiplier operators, preprint. 

[AD1] B. T. Anh and X. T. Duong, Weighted norm inequalities for commutators of BMO 
functions and singular integral operators with non-smooth kernels, preprint. 

[AD2] B. T. Anh and X. T. Duong, Weighted Hardy spaces associated to operators and bound- 
edness of singular integrals, preprint. 

[ADM] P. Auscher, X.T. Duong and A. Mcintosh, Boundedness of Banach space valued singular 
integral operators and Hardy spaces. Unpublished preprint (2005). 

[AMI] P. Auscher, J.M. Martell, Weighted norm inequalities, off-diagonal estimates and elliptic 
operators. Part I: General operator theory and weights, Adv. in Math., 212(2007), 225-276. 

[AM2] P. Auscher, J.M. Martell, Weighted norm inequalities, off-diagonal estimates and elliptic 
operators. IV. Riesz transforms on manifolds and weights. Math. Z. 260 (2008), 527-539. 

[BZ] F. Bernicot, and J. Zhao, New abstract Hardy spaces, J. Funct. Anal. 255 (2008), 1761- 
1796. 

[B] S. Bloom, An interpolation thorem with ^-weighted LP spaces, Studia Math. (1990), 10-15. 

[CD1] T. Coulhon and X.T. Duong, Riesz transforms for 1 < p < 2, Trans. Amer. Math. Soc, 
351 (1999), 1151-1169. 

[CD2] T. Coulhon, and X.T. Duong, Maximal regularity and kernel bounds: observations on a 
theorem by Hieber and Pritss, Adv. Differential Equations 5 (2000), 343-368. 

[CMS] R.R. Coifman, Y. Meyer and E.M. Stein, Some new functions and their applications to 
harmonic analysis, J. Funct. Anal., 62 (1985), 304-335. 

[CW] R. R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces 
homogenes. Lecture Notes in Mathematics, 242. Springer, Berlin- New York, 1971. 

[DM] X.T. Duong and A. Mcintosh, Singular integral operator with non-smooth kernels on 
irregular domains, Rev. Mat. Iberoamericana, 15(1999), 233-265. 

[DOS] X.T. Duong, E.M. Ouhabaz, and A. Sikora, Plancherel-type estimates and sharp spectral 
multipliers, J. Funct. Anal. 196 (2002), 443-485. 



28 



[DR] X.T. Duong and D.W. Robinson, Semigroup kernels, Poisson bounds, and holomorphic 
functional calculus, J. Funct. Anal., 142(1996), 89-128. 

[DY1] X.T. Duong and L.X. Yan, New function spaces of BMO type, the John-Nirenberg in- 
equality, interpolation and applications, Comm. Pure Appl. Math. 58 (2005), 1375-420. 

[DY2] X.T. Duong and L.X. Yan, Duality of Hardy and BMO spaces associated with operators 
with heat kernel bounds, J. Amer. Math. Soc, 18(2005), 943-973. 

[FS] C. Fefferman and E. M. Stein, H p spaces of several variables. Acta Math. 129 (1972), no. 
3-4, 137-193. 

[HS] S. Haetzstein and O. Salinas, Weighted BMO and Carleson measures on spaces of homo- 
geneous type, J. Math. Anal. Appl. 324 (2008), 950-969 

[HSV] E. Harboure, O. Salinas and B. Viviani, A look at BMO v (ii;) through Carleson measures, 
J. Fourier Anal. Appl. 13 (2007), 267-284. 

[JN] F. John and L. Nirenberg, On functions of bounded mean oscillation. Comm. Pure Appl. 
Math. 14 (1961), 415-426. 

[JNe] R. Johnson and C. J. Neugebauer, Change of variable results for A p and reverse H" older 
i?# r -classes, Trans. Amer. Math. Soc. 328 (1991), 639-666. 

[J] P. W. Jones, Factorization of A p weights, Annals of Mathematics, 111 (1980), 511-530 

[Ma] Marten, J.M. Sharp maximal functions associated with approximations of the identity in 
spaces of homogeneous type and applications. Studia Math. 161 (2004), no. 2, 113-145. 

[Mc] A. Mcintosh, Operators which have an iJoo-calculus, Miniconference on operator theory 
and partial differential equations, Proc. Centre Math. Analysis, ANU, Canberra, 14(1986), 
210-231. 

[ST] J.-O. Stromberg and A. Torchinsky, Weighted Hardy spaces, Lecture Notes in Mathematics, 
1381 Springer- Verlag, Berlin/New York, 1989. 

[SY] L. Song and L. Yan, Riesz transforms associated to Schrodinger operators on weighted 
Hardy spaces, Journal of Functional Analysis, 259 (2010), 1466-1490 . 

Department of Mathematics, Macquarie University, NSW 2109, Australia and 
Department of Mathematics, University of Pedagogy, Ho chi Minh city, Vietnam 
Email: the.bui@mq.ed.au 

Department of Mathematics, Macquarie University, NSW 2109, Australia 
Email: xuan.duong@mq.edu.au 



29 



